We investigate collective oscillations in a trapped Bose-Fermi mixture gas in the normal phase, composed of single species bosons and single species fermions. In the extremely low temperature regime, collisions between bosons and fermions are limited by the Pauli-blocking, while collisions between bosons may be enhanced by Bose-enhancement. These quantum statistical properties may give rise to an interesting temperature dependence of collective modes. Applying the moment method to the linearized Boltzmann equation, we study the crossover of the dipole mode of the trapped Bose-Fermi mixture gas between hydrodynamic and collisionless regimes.
I. INTRODUCTION
Ultracold atomic gases have opened up opportunities for studying new quantum systems, which have been not addressed before. In contrast to the liquid helium 3 He and/or 4 He, the quantum gases provides many kinds of mixtures, with changing quantum statistics, mass ratio, ratio of number of particles, strength of interaction, and geometry of confinement [1] . In particular, a Bose-Fermi mixture is one of the most interesting mixture, because this system has different quantum statistics. Using Bose-Fermi mixtures, some collective modes, such as quadrupole oscillations [2] , and breathing mode of a Bose-Einstein condensate (BEC) with a fermionic reservoir [3] have been experimentally investigated. Theoretical studies on collective modes of a Bose-Fermi mixture is also investigated, for example, monopole and multipole modes using variational-sum-rule approach [4] , and using a scaling ansatz formalism [5] , lowlying modes in spinor Bose-Fermi mixtures [6] , density and single-particle excitation using a random-phase approximation [7] , monopole and multipole modes for trapped phase-segregated mixtures [8] , and a dipole mode using the variational-sum-rule approach [9] .
In a Bose-Fermi mixture, phase space of collisions between bosons and fermions are limited by the Pauli-blocking, while collisions between bosons may be enhanced by Bose-enhancement.
These competitive quantum statistical properties may give rise to an interesting property of collective modes. In fact, in the case of a spatial uniform system, there exists a long-lived sound mode in the crossover region between collisionless and hydrodynamic regimes [10] . In this paper, considering the familiar experimental situation in ultracold atomic gases, we study dipole modes in a Bose-Fermi mixture for exploring exotic collective mode. We focus on a trapped Bose-Fermi mixture in the normal phase, composed of single species bosons and single species fermions.
We employ a moment method in this paper. This method is useful for analyzing dynamics of a dilute gas, the feature of which is able to describe a crossover between the hydrodynamic and collisionless regimes [11] [12] [13] [14] [15] .
II. MOMENT METHOD
We start with the Boltzmann equations
where α = {B, F} represents bosons and fermions, respectively. Here, f α = f α (r, p, t) is a distribution function, and the single-particle energy ε α with an atomic mass m α is given by
The potential energy U α is a sum of the mean field terms and the trapping potential term, given by
where BB and BF are coupling strengths of the Bose-Bose and Bose-Fermi interaction, n α is a number density, ω 0;α is a harmonic trap frequency. We consider a trapped Bose-Fermi mixture, The collision integrals I B,F in the present case are given by
The collision integral I α β for {α, β } = {B, B}, {B, F}, {F, B} is defined by
where we have used
For the Bose-Fermi interaction case, we take A BF = A FB = 2π 2 BF / . On the other hand, for the Bose-Bose interaction case, we take A BB = 4π 2 BB / . The single-particle energy ϵ 0 α (p) is given by Eqs. (2) and (3), with the equilibrium number density n 0 α . We take η B = +1 and η F = −1, depending on the quantum statistics.
To analyze the collective oscillations, we consider a deviation of the distribution function δ f α from the equilibrium distribution function f 0 α , given by δ f α = f α − f 0 α , where f 0 B is a BoseEinstein distribution function, and f 0 F is a Fermi-Dirac distribution function with the singleparticle energy ε 0 B,F . From the linearized form of the Boltzmann equation (1), one can derive equation of motion for the average of an arbitrary dynamical quantity χ as
Here, we have defined the following averages:
where N α is a total number of particles for α = {B, F}. The potential energy U 0 α (r) is given by Eq. (3), with the equilibrium number density n 0 α . We have also introduced the fluctuation of the potential energy δU B = 2 BB δn B + BF δn F , and δU F = BF δn B .
The dipole mode is described by a displacement of the center of mass. From Eq. (7), we obtain coupled moment equations, where the displacement of the center of mass is along z-direction:
for {α, β } = {B, F}, {F, B}, where a total reduced mass 1
∆ depends on profiles of the number densities, given by
and, τ is a relaxation time of the dipole mode given by
In deriving Eq. (9b) in a closed form, we have truncated the mean-field terms and collision terms by approximating that the velocity field is independent of position.
By considering the solution δ χ B,F ∝ e −iωt , we obtain quartic equation for ω that determines frequencies of the dipole mode in the Bose-Fermi mixture. In hydrodynamic limit ω 0;α τ ≪ 1, we obtain four solutions
On the other hand, in collisionless limit ω 0;α τ ≫ 1, we obtain four solutions ω = ±Ω + − iΓ + and ω = ±Ω − − iΓ − . The eigenfrequency Ω ± and the damping rate Γ ± are denoted by
where ω ± denotes ω 2 ± = (ω 2 0;B ± ω 2 0;F )/2 + ∆/2M ± . We realize interesting features of the dipole mode from Eqs. (12) and (13) . In the collisionless regime, there are four oscillating modes. On the other hand, in the hydrodynamic regime, there are two oscillating modes. During the crossover from the collisionless to hydrodynamic regimes, two oscillating modes disappears. In the hydrodynamic regime, there are two purely-damped relaxation modes. One is the fast relaxing mode: the damping rate of which is proportional to τ . This mode describes the relaxation out-of-phase motion due to collisions between two components. An interest mode is the other relaxation mode: the damping rate of which is proportional to 1/τ , which is very slow decay mode and distinct from the fast purely-damped out-of-phase mode.
We also show the features including the intermediate region between hydrodynamic and collisionless limit. Figure 1 is a result of solving the coupled moment equations Eq. (9) numerically.
The panels of the left column Fig. 1(a, b) are obtained by setting ∆ = 0, which is plotted as a function of the relaxation time τ as a independent parameter. On the other hand, the panels of the right column Fig. 1(c, d) is obtained by taking into account ∆, an effect from the mean fields, which is plotted as a function of temperature T . In the panels of the right column Fig. 1(c, d) , a relaxation time in the Eq. (9) we used in the calculation involves the temperature-dependence. A 
as a result of solving the coupled moment equations Eq. (9) with the parameters m B /m F = 2.175 (corresponding a mixture 87 Rb-40 K), number ratio is set to N B /N F = 0.125 to aim T BEC ≪ T F . The Fermi energy is defined for an ideal Fermi gas determined by N F = 3 E 3 F /6ω 3 0;F . Fig. 1(a, b) displays the crossover from collisionless to hydrodynamic regimes: disappearence of two oscillating modes and appearance of two purely-damped modes at ω 0;F τ ≈ 0.70. However, in Fig. 1(c, d) , this crossover does not occur: while the low frequency modes with eigenfrequency Ω 2 , Ω 3 approach each other with decreasing temperature, these modes do not merge below T /T F ≈ 0.24. In fact, the relaxation time shows a minimum at T /T F ≈ 0.24. In the high and low temperature regimes, the dipole mode enter into the collisionless regime, and close to T /T F ≈ 0.24, the dipole mode approaches hydrodynamic regime. The tendency to become collisionless regime in high temperature region is due to the low particle density in trapped gases, leading to the small relaxation rate. On the other hand, in the low temperature regime, the relaxation rate becomes small again, because of the suppression of collisions due to Fermi degeneracy.
For the smaller number ratio N B /N F , a ratio of BEC temperature and Fermi temperature T BEC /T F becomes smaller, and we can explore lower temperature region. Since not reaching hydrodynamic regime, the damping rates Γ 2 , Γ 3 in Fig. 1(d) remain overlapped, not showing slow purelydamped mode. By changing the parameters, we expect to address the hydrodynamic regime, which will be reported elsewhere [16] .
III. CONCLUSIONS
We investigated collective oscillations in a trapped Bose-Fermi mixture gas in the normal phase, composed of single species bosons and single species fermions. Applying the moment method to the linearized Boltzmann equation, we derived the eigenfrequency and damping rate in the hydrodynamic and collisionless regimes. In the crossover from the collisionless to hydrodynamic regimes, two oscillating modes disappears. Furthremore, in the hydrodynamic regime, there are two purely-damped modes. One is the fast purely-damped mode, which describes the relaxation of the out-of-phase motion of two components. An interest mode is the other purelydamped mode, the damping rate of which is small. By sweeping relaxation time, we illustrated the crossover between the collisionless and hydrodynamic regimes. However, considering temperature dependence of the relaxation time, the crossover does not achieve for the set of parameters chosen in the present paper. We found the tendency to become collisionless regime not only in high temperature region but also in extreme low temperature because of Fermi degeneracy. In the future paper, we will attack the crossover of the eigenmodes and physics of the slow relaxation mode.
